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Abstract-A general mathematical formulation of the energy separation process taking place in a vortex tube 
is presented. Based on the governing equations a similarity relation of the variation of the cold gas exit 
temperature with the cold gas mass ratio for geometrically similar vortex tubes is established and compared 
withexperimentaldata.Theexperimentsconducted withair, heliumandoxygenas workingmediaconfirm the 

theoretical considerations and correspond very well with the similarity relation. 
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NOMENCLATURE 

specific heat at constant pressure 
inner diameter of vortex tube 
diameter and dimensionless diameter, 
respectively 
dimensionless parameter 
thermal conductivity 
length and dimensionless length of 
vortex tube, respectively 
mass flow rate 
pressure and dimensionless pressure, 
respectively 
ambient pressure and dimensionless 
ambient pressure, respectively 
Prandtl number 
cylindrical coordinates 
dimensionless radial coordinate 
gas constant and dimensionless gas 
constant, respectively 
Reynolds number 
temperature and dimensionless 
temperature, respectively 
temperature difference 
velocity vector and dimensionless 
velocity vector, respectively 
velocity components in the r-, O-, and 
z-directions, respectively 
dimensionless velocity components in 
the R-, 8-, and Z-directions, respectively 
inlet velocity 
warm gas mass ratio 
cold gas mass ratio 
axial coordinate and dimensionless axial 
coordinate, respectively. 

Greek symbols 

P,B* coefficient of thermal expansion and 
dimensionless coefficient of thermal 
expansion, respectively 

&A width and dimensionless width of the 
inlet part of the vortex tube, respectively 

P dynamic viscosity 

PtP* density and dimensionless density, 
respectively 

z, 7* viscous stress tensor and dimensionless 
viscous stress tensor, respectively. 

Subscripts 
C cold gas 
h hot gas 

0” 
wall 
inlet. 

1. INTRODUCTION 

THE VORTEX tube is a simple device operating as a 
refrigerating machine without any moving com- 
ponents, e.g. rotating shafts or cylinders. It consists 
mainly of a simple tube. A compressed gas flows 
tangentially with a high velocity into the vortex tube. 
Right next to the entrance nozzle a cold gas stream 
leaves the tube through a central orifice, while at the far 
end of the tube a hot gas stream near the wall is 
exhausted. 

The phenomenon of energy separation in a vortex 
tube was first reported by Ranque [l]. Important 
experimental investigations were conducted by Hilsch 
[2], Elser and Hoch [3], Martynovskii and Alekseev 
[4], Takahama [5], Hartnett and Eckert [6] and 
Bobrovnikov et al. [7]. Theoretical and analytical 
descriptions of the energy separation and the 
temperature and velocity profiles in a vortex tube were 
given by Fulton [S], Schultz-Grunow [9], Erdklyi [lo], 
Alekseev and Azaroff [l 1] and Deissler and Perlmutter 
[12]. An industrial application of the natural gas was 
reported by Raiskii and Sedykh [13]. Successful 
attempts in the application of gas separation by a 
vortex tube were done by Linderstram-Lang [14], 
Marshall [lS] and Igonin et al. [16]. 

Recently an experimental investigation ofthe energy 
separation process in the vortex tube with air as a 
working medium was conducted [17]. Experimental 
results indicate that the Giirtler vortex produced by the 
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tangential velocity on the inside wall of the vortex tube 
is a main driving force for the energy separation in the 
vortex tube. By making use of the dimensional analysis 
a similarity relation of the cold gas exit temperature 
with the cold gas mass ratio was also established and 
confirmed by the experimental data. 

In this paper a general mathematical formulation of 
the energy separation process in a vortex tube is 
presented. From the system of equations formulated, a 
similarity relation for prediction of the cold gas 
temperature is established, which confirms the 

FIG. I. Schematic diagram of the geometrical configuration of 

similarity relation obtained by the dimensional 
the vortex tube. 

analysis described in ref. [17]. Further experimental 

results with oxygen and helium as working media in the 
vortex tube used in ref. [17] are also reported and Hete 7 is the viscous stress tensor which can be 

confirm the similarity relation. described by [ 191 

7=,Ll 1. 
2. MATHEMATICAL FORMULATION 

We consider a steady-state, axisymmetrical com- 
pressible flow in a vortex tube with negligible body 

(3) Thermal energy equation [18] 

force and without an energy source as shown in Fig. 1. 
The vortex tube is well insulated from its surroundings. 
The gas flowing through the vortex tube is considered 
as an ideal gas. where Vu: z is the viscous dissipation function which 

The system of equations describing the energy can be expressed fof Newtonian fluids by 

separation process in the vortex tube can be expressed 
as follows : 

(6b) 

(2) Viscous stress equation of motion [ 181: 

in r-direction 
(4) Equation of stute 

There are six unknowns v,, vb uZt p, T, and p, with six 
&I 

--+ C t2j equations, equations (IH4), (6a) and (7). 
i?r The boundary conditions required to solve the 

in O-direction 
problem can be described as (see Fig. 1) 

0, = 0 for z = 0, OS;, (8) 
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At the outlets the total outlet mass flow rate must be 
equal to the inlet mass flow rate and the total outlet 
energy must be equal to the inlet energy 

?+I,+& = ti,, (18) 

where 

and 
s 

d,/Z 
ti, = 2n plr,lr dr, (19) 

0 

and 

Cl, = 2n 
s 

012 
pv,r dr, (20) 

&/2 

= +,,T,+~), (21) 

where T,, v,, and vBE are the mean values of the 
temperature, axial velocity component and tangential 
velocity component at the outlet of the cold gas, 
respectively, and Th, II,,, and uBh are the mean values of 
the temperature, axial velocity component and 

tangential velocity component at the outlet of the hot 
gas, respectively. These values are unknown. They have 
to be determined as a part of the solution of the 
problem. 

It can be seen that the above system of equations is 
nonlinear, and the boundary conditions are com- 
plicated and some of them are unknown and are 
dependent on the solution of the problem. Therefore a 
mathematical treatment of such a problem is quite 
difficult if not impossible at present. 

For energy separation in a vortex tube, the 
temperature of the cold exit gas is the most important 
variable to be determined. For the purpose of obtaining 
a similarity relation for predicting the cold gas 
temperature, the system of equations, equations (lt 
(21) will first be transformed into a dimensionless form. 

3. SIMILARITY RELATION FOR PREDICTION OF THE 

COLD GAS TEMPERATURE 

For the purpose of transforming the system of 
equations into a dimensionless form, we consider the 
variation of the material properties, p, k, cpr and p in the 
operating range to be negligibly small and introduce 
the following dimensionless variables and parameters : 
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Making use of these dimensionless variables and a& 
parameters, the system ofequations, equations (lt-(ZI) 

-=0 for 0 <Z < IT, R =0, 
JR 

(32) 

transforms into 

; &*RV,)+ &(p*v,) = 0, (23) 
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T < R < 5, (33) 
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(23H43), the functional dependence of V’, V,, V,, P*, 0, 
and p* can be represented by 

@i =_&(R Z, D,, & A, L*, Re, Pr, E, R*, @*, PO*, P*,, y), 
(44) 

where Qi represents any one of the above-mentioned six 
dependent variables. 

In this paper, we are especiafly interested in the 
temperature of the cold gas stream at its exit position 
R = 0 and Z = 0. To compare it later with experi- 
mental results, we are interested in the temperature 
difference l-8, = (To- Q/T, instead of 8, = x/T,. 
Under these considerations equation (44) for the 
temperature of the cold gas stream at its exit position 
R = 0 and Z = 0 becomes 

I- 0, = f (O,O, I),, D,, A, L*, Re, Pr, E, R*, /F, P& Pz, y). 

(45) 

For geometrically similar vortex tubes the geometrical 
parameters D,, D,, A, and L? are constant. 

For such a case, equation (4.5) can be written as 

1 - 0, = f(Re, Pr, E, R*, /3*, P& Pz, y). (46) 

As a first approximation, equation (46) can be 
presented, for a small operating range, by the following 
equation 

1 - 0, =fl(Re)fi,(WfXE)f4(R*)f&?*) 

x ~(P~)~(P~)f~(Y). (47) 

Experiments indicate that 0, has a minimum value, 
or (1 - 0,) has a maximum value, when y varies from 
0 to 1 and the other parameters are kept constant. 

The maximum value of (1 - 0,) can be determined by 

(1 -Q,,, =fl(Re)f2(JWf3(E)f4(R*) 

x fs(B*)fs(PX)f7(P*,l(Y*~~). (48) 

Dividing equation (47) by equation (48), we obtain 

I-0, f,(Y) 

(1 -@CL, = m = gtY). (49) 

Substituting the definition equation of 0, 

+;, 
0 

into equation (49) and letting 

Ar, = To--K 
and 

(AT,),,, = (T, - T,),,,, 

we obtain from equation (49) 

--A! 
(ALIT,),,, = “)’ 

(50) 

Equation (50) indicates that the ratio of AT, to (AT),,,,, 
is independent of the operating condition and the 
working medium in a vortex tube. Therefore, equation 
(50) is designated as the similarity relation for energy 
separation in a vortex tube. 

4. EXFERIME~AL V~RIFICA~ON OF THE SiMILARlTY 

RELATION 

To verify the similarity relation obtained in the 
previous section, experiments were conducted. The 

Hot air (=1 

Cold air U 

FIG. 2. Schematic diagram of the experimental apparatus. 
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experimentai apparatus is shown schematically in Fig. 
2. A compressed gas passing through the inlet valve (2) 
and the filter nozzle (3), is led tangentially into the 
vortex tube (1). The gas is expanded in the vortex tube 
and divided into a cold and a hot stream. The cold gas 
leaves the central orifice near the entrance nozzle, while 
the hot gas discharges at the periphery at the far end of 
the tube. The flow rate of the hot gas can be controlled 
by the control valve (10). The mass flow rates of the hot 
and cold gas are determined by measuring the pressure 
drops across the standard orifice devices (13) and (15) 
by using two Betz manometers, and the temperatures 
by using the thermocouples (12) and (14). The 

temperatures of the inlet gas, the cold and hot gas 
leaving the vortex tube, are measured by the 
thermocouples (S), (6), and (8), respectively. The 
pressure of the inlet gas is measured by the manometer 
(4). All temperatures measured by the thermocouples 
are recorded by a temperature recorder. The 
geometrical configuration of the experimental vortex 
tube is similar to one of the tubes used by Hilsch [2]. It 
was constructed with respect to a low cold gas 
temperature. The geometrical data of the vortex tube 
are as follows : 

inner diameter D = 17.6 mm 

0.1 0.2 0.3 0.6 0.5 0.6 0.7 0.8 0.9 1.0 

cold gas mass fati y - 

FIG. 3(a). Temperature difference, AT,, as function of the cold air mass ratio, y, with the pressure of the inlet air, 
pO, as a parameter. 

cold gas mass ratio y - 
FIG. 3(b). Similarity relation compared with experimental data from Fig. 3(a). 
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length L= 200 = 352 mm 

diameter of the inlet 
air nozzle 6 = 4.1 mm 

diameter of the cold exit 
air orifice d, = 6.5 mm. 

Three gases were used for the experiments : air, oxygen 
and helium. During the test, the gas inlet pressure p,,, 
and the cold gas mass ratio y defined by : 

y+= 
mass flow rate of the cold gas 

m0 total gas mass flow rate ’ 

were varied systematically. 

Figures 3(a), 4(a), and S(a) show the experimental 

temperature differences between the inlet gas and the 
cold exit gas AT, = To - T,, as functions of the cold gas 
mass ratio y, with the gas inlet pressure po, as a 

parameter for air, oxygen, and helium as a working 
medium, respectively. From these figures, it is shown 
that for the case y = 0, without outflow of the cold gas, 
the temperature measured at the centre of the central 
orifice, which is used for the exit of the cold gas, is lower 
than the temperature of the inlet air, due to the effect of 
the energy separation. The energy separation process in 
the vortex tube is mainly determined by the inlet 
angular momentum of the working medium. An 

0 

cold gas moss ratio y - 

FIG. 4(a). Temperature difference, AT,, as function of the cold oxygen mass ratio, y, with the pressure ofthe inlet 
oxygen, pO, as a parameter. 
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FIG. 4(b). Similarity relation compared with experimental data from Fig. 4(a). 
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increase in the gas inlet pressure p. causes an increase in 
the inlet angular momentum. Therefore, it is expected 
that, the higher the value of the gas inlet pressure po, the 
higher is the value of the cold gas temperature difference 
T, as shown in Figs. 3(a), 4(a), and 5(a). 

In comparison to the experimental data plotted in 
Fig. 3(a) with those plotted in Fig. 4(a), it can be seen 

that there is practically no difference for the 
distributions of the cold gas temperature difference AK 
when air or oxygen is used as a working medium. On the 
other hand, the results obtained with helium [Fig. 5(a)] 
demonstrate that the energy separation in the vortex 
tubeismuchmoreeffective than that withairoroxygen. 
This is due to the fact that the molecular weight of 

helium is much smaller than that of air or oxygen. In 
order to verify the similarity reiation, equation (50), 
values of the ratio ofAT,/(A7&,,,, were calculated from 
the experimental data. They are shown in Figs. 3(b), 
4(b), and 5(b) for each substance and are plotted 
together in Fig. 6. They are represented by a single 
curve. Figure 7 shows the similarity relation 

AbT,/(AT,L, as a function of y, obtained from the 
experimental results of Elser and Hoch [3] with five 
different gases and six gas inlet pressures for a fixed 
geometry. These experimental results can be rep- 
resented by a single curve, too. The geometrical 
parameters of the vortex tube used in ref. [S] are 
D=4mm,L=2OQmm,6= 1 mmand~==Zmm. 

0 

d 0.1 0.2 0.3 OA 0.5 0.6 0.1 0.8 0.9 1.0 

cold gos moss rot10 y -.- 

FIG. 5(a). Temperature difference, ACZT,, as function of the cold helium mass ratio, y, with the pressure of the inlet 
helium, po, as a parameter. 
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FIG. 5(b). Similarity relation compared with experimental data from Fig. 5(a). 
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l oxygen 1,5 - 4 bor 

n hellurn 15 - 3 bar 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

cold gas mass ratio y - 

FIG. 6. Similarity relation compared with experimental data for air, oxygen and helium from Figs. 3(a), 4(a), and 

W. 

Elser / Hoch 
air *2-7 bar 

Ar 07 bar 

0 

cold gas moss ratio y - 

FIG. 7. Similarity relation compared with the experimental data of Elser and Hoch [3] 

Figures 6 and 7 confirm that the ratio of ATJAT,),,, 
is indeed independent of the operating conditions 
and the working medium in a vortex tube. 

5. CONCLUSIONS 

The system of equations (1)-(21) represents a general 
mathematical formulation of the energy separation 
process taking place in a vortex tube. From these 
equations, a similarity relation, the ratio of the actual 
temperature drop of the cold gas to the maximum 
temperature drop, AT,/(AT,),,,, can be represented as a 
function of the cold gas mass ratio. This similarity 
relation is independent from the operating conditions 
and the working substances in vortex tubes that are 
geometrically similar. Experimental data confirm the 
similarity relation. 
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UNE RELATION DE SIMILITUDE POUR LA SEPARATION 
D’ENERGIE DANS UN TUBE A TOURBILLON 

R&urn& -On prisente une formulation gkniirale mathtmatique de la stparation d’energie qui s’optre dans un 
tube i tourbil!on. A partir des kquations fondamentales, on Ctablit une relation en similitude de la variation de 
la tempkrature de sortie du gaz froid avec le rapport du d&bit masse de ce gaz, pour des tubes en similitude 
gkomttriques et on la compare B des r&ultats expkrimentaux. Les expkriences faites avec l’air, I’helium et 

I’oxygtne confirment les considirations theoriques et elles correspondent bien avec la relation proposte. 

EINE AHNLICHKEITSBEZIEHUNG ZUR BESCHREIBUNG DER ENERGIEUBERTRAGUNG 
IM WIRBELROHR 

Zusammenfassung-Es wird eine allgemeine mathematische Beschreibung des Vorgangs der 
Energieiibertragung, wie sie im Wirbelrohr stattfindet, vorgestellt. Ausgehend von den Bilanzgleichungen 
wird eine ,&hnlichkeitsbeziehung hergeleitet. Mitdieser Gleichung kann fiir geometrisch Phnliche Wirbelrohre 
die erreichbare Abkiihlung des Gases allein aus dem Kaltgasanteil berechnet werden. Eigene Versuche mit 
Luft, Helium und Sauerstoff sowie Vergleiche mit Literaturwerten bestgtigen die theoretischen Uberlegungen 

und stimmen mit der Ahnlichkeitsbeziehung sehr gut iiberein. 

COOTHOUIEHME IIOAO6MII AJIfl PACYETA BbIAEJIEHMII 3HEPTMM B BMXPEBOR 
TPY6KE 

AHHoTaun~-npencTasneHa o&ax MaTeMamqecKaff i$opMynsposKa npouecca abmenemia wepruri B 
B&iXpeBOii Tpy6Ke. Ha OCHOBC Onpefiej%nOmHX ypaBHeHHfi BbIBeneHO COOTHOUleHAe nOnO&ia, OnH- 
Cbmammee :,3MeHemie TeMnepaTypbI XOJlOLIHOrO ra3a Ha BblXOne c HJMeHeHHcM ero MaCCOBOrO 

wicna ~JIR reoMeTpmecKu nono6HbIx BHXpeBbIX Tpy6OK, a nposeneH0 cpaeHeHue c 3KcnepwMew 

TanbHbmni mmbnm. 3KcnepsMeHTb1, nposenemme c Bo3nyxoM, remeh4 A KHC~O~~~~OM B KaqecTBe 
pa6oqrlx aHnrtocreii, nonraepxnamT pe3ynbTaTbI TeopeTarecuix pacqeToe ki xopotuo 0nkicbmamTcII 

COOTHOUleHHeM nono6aa. 


